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A Note on Using These Materials


These materials may be used/adapted for use for educational purposes only, with one proviso:  Please site the source!  For example, “This material was adapted from Modeling Change Using Stella by Hirst, et al., available at http://www.ncsec.org/.” Thanks.

Quick Start

Stella is a dynamic modeling system in which relational models are built by creating a pictorial diagram of a system and then assigning the appropriate values and functions to it. 

After starting the program, find the 
[image: image1.png]


 button in the left vertical toolbar and click it to change it into a 
[image: image2.png]


 symbol. This starts the interactive model-building layer. Otherwise, you won’t be able to input formulas or quantities into the diagram. 

There are several tools available for use in creating a Stella model. Click on them once in the menu bar and place them in the model by clicking again where you want them to appear. 

[image: image3.png]Stook




Think of Stocks as containers.  They represent values that can be changed over time, such as items being stored or an animal population.

[image: image4.png]


Flows represent changes in Stocks over time (derivatives). They always have units of quantity per time.    A flow with the arrow pointing towards the Stock increases the quantity in the Stock, and a flow with the arrow pointing away decreases it. By default, flows are unidirectional and negative results of their formulas are ignored (they do not change the value of the Stock). Double-clicking on the flow symbol and selecting a bi-directional flow in the menu that pops up will allow you to change these default values. 

[image: image5.png]


Converters hold constants, unit transformations, or ratios. They can be used to modify flows and calculate initial values of stocks.  For example, a flow can use a converter named “death rate” holding a constant value and multiply it by a Stock amount, “population” in the flow’s equation a flow used to decrease the population.  

[image: image6.wmf] Connectors are pink arrows, which represent a relationship between two items in the diagram. Formulas in converters or flows that take input from other variables need their values transmitted to them through the connectors.   For example, if you want to model salt concentration per unit volume in a converter, you would divide the amount of salt in a Stock by the amount of volume in another Stock.  In this case, connecters would be needed to connect both Stocks to the converter.


[image: image7.png]Graph



This button opens up a graph.  Double-click on the graph to bring up a window that allows you to select which inputs to display on the graph.

The other buttons on the top toolbar are explained in “Help.”  Leaving your mouse pointer over the each icon momentarily displays a short comment about what the button’s function.

Building a Model:  Falling Rock

Let's begin with a relatively simple model. We will model the straight-down fall of a rock from rest at some height. For this we need only two dimensions: height and time.  Stella always keeps time.  If you need to use time in an equation, you will find it in the “Builtins” area of the function window.

One way to model this is to use height and velocity as stocks, gravity as a converter, and changes in height and velocity as flows.   

[image: image8.wmf]
Start by inputting the initial values for height and velocity.  To do this, double-click on the stock. Type in the initial height in the box at the bottom (you can change it later) and ignore everything else for now. Now type in the formula for the “change in height” flow, which is just the velocity. Note that Stella automatically subtracts an outward-pointing flow, so you do not need to make it negative.  Next, define “Gravity” to be 9.8.  Now fill in the formula for the “change in velocity” flow to be “Gravity.”  Intuitively, the only acceleration acting upon the rock is gravity, so this is the only input into the equation.  A more realistic model could incorporate air resistance into the change in velocity as well. Make a graph and place it below the model.    On the screen will appear a blank graph. Drag it to an open place on the window and “pin” it down by clicking on the pin in the upper left corner of the graph.  Double-click on the graph to open up the graph interface. Any input listed in the “Under Allowable” section that is not grayed out is a valid input to the graph.  Select “Height” and click on the “>>” to bring it to the “Selected” portion.  You’ve now added Height to the graph.  Do the same thing with Velocity to see how both change over time.

Under the Run menu, go to 'Run Specs...' There are a lot of different units of time to choose from.   Choose 'Other' and type 'Seconds' in the box beside it. You can also change the length of the simulation here. DT means “Δ time,” and represents the length of the interval of time between calculated points.  As DT decreases, the graph becomes smoother.  A DT of 0.25 is a good value to begin with.    There's also a list of integration methods. Choose Euler's method for now, we'll experiment more with this later. 

Choose Run from under the Run menu. The graph will delineate the path and velocity of the rock's fall.  If you followed directions, the rock fell through the ground and far beyond it.   This is expected because we did not include the ground in the model yet.

Go back into the model and double-click on the 'Height' Stock. At the top of the box is a checkbox for 'Non-negative'.  Select it. This will make sure that the rock’s position will never be less than zero.  Run the model again to see the new results.  

There are several ways to increase the accuracy of the plot. The first is to decrease the interval between approximations. Experiment with changing the size of DT.   Smaller values should give a smoother graph. Another way is to change the method of approximation. Under Time Specs, select one of the Runge-Kutta methods and run your model again. Notice anything different? Notice anything wrong? The graph, right at the end, is leveling off. The rock not only doesn't go through the ground, it knows when the ground is coming and slows down! 

In this case, Euler's method is more accurate. In general, the Runge-Kutta methods give better approximations. They just don't deal as well with discontinuities. By making 'Height' non-negative, a discontinuity or boundary condition was created. The Runge-Kutta methods try to match the Height function on either side of the discontinuity. The Runge-Kutta methods are averaging iterations of a method like Euler's, over several steps. When the function reaches zero, the method begins averaging in zeroes, and this causes the function to approach the ground more gradually. 

So, in order for the Runge-Kutta methods to work properly, the non-negative button must be deselected. But at we don't have to ”see” where the rock goes below ground. Double-click on the graph to open up the graph window and click once on 'Height' in the 'Selected' window, and once on the up-and-down arrows to the immediate right. Now you are able to set the scale. Set the bottom one to zero. 
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 Another Example:  The Rocket Model

For a more challenging model, let's try the ascent of a rocket. For this model, we can't use the formula for acceleration that most of us are familiar with: acceleration = force / mass because mass is changing over time. In this case, force (dp/dt where p is momentum) is equal to the time derivative of mass times velocity: 


[image: image11.wmf]

[image: image12.wmf]

[image: image13.wmf]
We will use the last equation to implement this model. You will need to account for dm/dt and the total mass in the formula for acceleration. Dm/dt is changing because the rocket is losing fuel mass, which constitutes the majority of the mass of the rocket. 

Create this model on your own. Hint: you’ll need a stock for velocity, mass and height. 

The Graphical function feature will be of use to you in this model. It allows you to change the relationship between two variables (i.e., dm/dt and time) over the span of another. Start by putting your independent variable (time) into the input box, which is created by double-clicking on any flow or converter. Then click To Graphical Function at the bottom. You will probably want to change the range of the graph (to maybe 0 to 310s) and the number of data points (to maybe 63, one for every 5 seconds) by clicking and typing in the box labeled Data Points. Don't try to change the range by using the slider. That's just changing what you're looking at. Below them are two bigger boxes -- use those to set the minimum and maximum points. Now change individual values by clicking once on the 'input value' in the list and typing in the 'edit output' box   (Hint:  To input the same value many times in a row, highlight all of them and type the number in once). 

We will model the first and second stages of flight for a Saturn V rocket. Assume no air resistance, no change in gravity, and that the rocket is moving straight upward the entire time. Use the following data: 

Total mass (approx.) at liftoff: 2.77 x 106 kg

First stage weight at liftoff: 2.77 x 106 kg

     Weight of fuel burned in first stage: 

     1,450,879 kg LOX + 627,459 kg kerosene = 2,078,337 kg in 135 s

Weight of fuel burned in second stage: 

     369,250 kg LOX + 70,120 kg LH2 = 439,370 kg in 145 s

Rocket force:

First stage: 3.7 x 107 N until cutoff at t=135 s

Second stage: 5.15 x 10^6 N from t=165 to t=310 s

Ascent sequence:

T=0

launch (first stage begins)

135

cut off first stage engines and coast (first stage ends)

165

second stage engines on (second stage begins)

310

second stage ends
This simulation is good for approximately 310 s. The data is approximated based on a copy of the Saturn V Flight Manual posted in part at “http://history.nasa.gov/ap15fj/01launch_to_earth_orbit.htm”.  Try working through the next set of exercises and tutorials to perfect your understanding of Stella([image: image14.png]St



).  Work through them first yourselves, and then compare your solutions to our models at www.ncsec.org/si2002tm.cfm. For comparison, we have also worked some of the problems in Mathematica (
[image: image15.png]


) and Excel(
[image: image16.png]


).  You should look through all three formats and see which one you feel suits your classroom needs the best.

Rate of Change – What Stella Models

Many of the situations we want to model involve modeling the way a quantity changes over time.  Often what we know or can observe is the rate at which the quantity changes.  Let’s define some notation that will be useful.

Q(t):
The quantity that we want to examine (e.g., U.S. population, position of a base ball, amount of product in a chemical reaction) at a particular time, t.  Q(0) is the initial amount we have available, Q(2) would be the amount after 2 time units, etc.


[image: image17.wmf]: 
The observed, measured or estimated change in behavior of Q over a set time interval.  We will assume that these measurements are taken at uniform time steps so that all of the time intervals are the same, say 1 time unit or .25 time units, etc.

Many models of change involve building for the rate of change a mathematical expression – algebraic, graphical, tabular – that mimics the behavior of the actual system being studied.  Stella allows us to input this sort of information and then run a simulation to see how the quantity we are interested changes.

More Detail:  How a Mathematician Thinks About Rate of Change:

When rate of change appears in a situation, the resulting model will involve a derivative 
[image: image18.wmf] or a difference quotient, 
[image: image19.wmf].  We refer to the resulting equation as a differential or difference equation, respectively.  When does this happen?  If we are looking at how some quantity changes over time, we will need to use these ideas.

For example, suppose we are looking at how the position of a cyclist driving along a straight road changes over time.  We can consider either of the following two things:

1.  Average Velocity:  The average change in position p between time t1 and t2: 


[image: image20.wmf]
2.  Velocity:  The instantaneous change in position p at time t: 


[image: image21.wmf]
What is the difference?  

· The first one looks at an actual difference in position using two distinct times, and the second one looks at what the difference in position is as the difference between the two times chosen gets smaller and smaller (approaches 0), in other words, at a particular instant.  

· The first one gives a discrete version of the change (where we look at changes over "steps" in time), and the second one gives a continuous version of the change (where we look at change as happening continuously).  If the change in time in the first one is small enough, either of these two things can be thought of as an approximation of the other.

Here are two examples showing how people think about these things as approximations of each other:

Finance:  The marginal profit is defined as the amount of additional profit obtained from selling one more unit of a product.  An exact math expression for this is


[image: image22.wmf],

where P(x) is the profit from selling x units of the product.  This can be a pain to calculate if P(x) is ugly - lots of algebra simplification.  Business people noted, however, that if x is large then the difference between x and x+1 is small, so that this difference quotient can be approximated by the derivative:


[image: image23.wmf]
which may involve less algebra.  The idea that one approximates the other is used the opposite way, too:

Physics:  As we were saying above, the velocity of an object at time t is defined as the instantaneous change in the position at that time, or


[image: image24.wmf]
where P(t) is the position of the object at time t.  How is this really measured?  Usually, we measure this by taking two position measurements very close together in time, so that this derivative can be approximated by a difference quotient:


[image: image25.wmf]
In modeling, we will often need to work with equations involving one or the other of these forms of change over time.   Stella is designed specifically to handle systems of IVPs.


[image: image26.png]


A Simple Example Model – Single Species Population Dynamics
We will begin by modeling the change in the population of a single species over time.  Let’s suppose we have a field full of rabbits.  We’ll let


P(t) = the population of rabbits at time t.


There are 10 rabbits to start, so P(0) = 10.

Before Modeling:  Starting Stella

[image: image122.wmf]To build a model in Stella, we need to be sure we are at the right level and in the right mode.  Start Stella; you should see a blank page.  At the left side there should be an up and down arrow and a world icon.  We are in the world view of the model building level.  We can start building the model in this view, but eventually we will need to get into the construction view by pressing on the globe – it will change to a [image: image27.wmf].  These two views function as follows:  When in construction mode, we can input relationships and values (i.e., build the functioning model); when in world mode, we can annotate each part of the model, adding an explanation so that others can see why we set things up the way we did.  

At this middle, modeling building, level we have all of the tools needed to build and test our model.  Across the top are the model elements (stocks, flows, converters, connectors) along with the output tools (graphs, tables, numeric displays).  Let’s build some models.

Model 0:  “the more the merrier”

In this most simple model, we assume that when more rabbits present, more rabbits will be born without considering death.  More mathematically, the change in P over time is proportional to the number of rabbits present:


[image: image28.wmf];


[image: image29.wmf].

We’ll look at the solution to this problem over time using the second case – the difference equation.  We can draw the dependencies in this equation as follows:

[image: image30.wmf]
Notice that we have a one directional “inflow” in this model, so we are assuming that rabbits don’t die for now.  Before we begin to investigate this model, we need to talk about how to estimate the parameter, k.  The first question is, what exactly does k tell us?  Look at it again this way:


[image: image31.wmf]
The change in population per unit of population is equal to k.  In other words, k tells us how fast the population is changing at any given population level.  So a good description of k is that it is the rate of growth of the population (or of decrease if k is negative).   If we look at k as a fraction, for example 0.5 or one half, we can say that at each time step there is a new rabbit for every two rabbits already in the population at the beginning of that time step.  Obviously, k is dependent on the time step we are using; for example if the time step is in minutes, k is probably smaller than one half.

In general, parameter estimation is a difficult problem when dealing with biological or sociological models (rather than models from physics, where some measurement can often give us the parameter value).  We will use the value 0.3 for now for k, keeping in mind that an actual value for k would involve field work and observations, collecting data to use to estimate an appropriate growth factor.  

We’ll model this in Stella as follows:

1. Build the dependency diagram in the construction (middle) level, just as it looks in the diagram above – A stock for the rabbits, a converter for the constant, k, and a flow for the change of the rabbits over time.

2. Enter the rate (k) in the converter named k by double clicking on the converter; let’s use 0.3.  (Be sure that you are in editing mode rather than the world view mode.)

3. Enter the initial data (population = 10) in the rabbit stock.

4. Build a formula for change in the population over time:  k * rabbits.

5. Pin down a graph and set it to plot rabbits over time.

[image: image32.wmf]
This model makes sense, at least early in the time span for our population.  However, as time continues on, this model has an exponential growth.  (Why?  Solve this simple differential equation – only calculus is required.
)  As time gets larger the population grows without bound, clearly a limitation of this model.  How can we fix this unrealistic exponential growth?  Let’s add death.

Model 0.5:  Adding Death proportional to the number of rabbits.
The simplest way to add death is to think of it in the same way as we did birth in model 0:  The more rabbits the more crowded, so the more likely a rabbit will die.


[image: image33.wmf]; 
[image: image34.wmf].

This is a good idea, but notice that we will have the same model as before:


[image: image35.wmf].

Again we would have the change equal to a constant times P.  Which would yield the same result at Model 0.  What else can we try?

Model 1:  Competition between individuals
Let’s let the death term be proportional to the number of possible 2-rabbit interactions.  Using a combinatorial argument, we can figure out this number:

There are P possible rabbits to choose for interacting rabbit number one and (P-1) possible rabbits for interacting rabbit number two – and which order the rabbits are chosen shouldn’t matter – giving us P (P – 1) / 2 for the number of two rabbit interactions.

Putting this all together we have:


[image: image36.wmf];   
[image: image37.wmf].

Let’s modify our stella model:

· Modify the dependency diagram to include a converter for the new parameter, d.

· Enter the rate (d) in the converter named d – let’s use 0.01.  

· Change the formula for change in the population over time
: 

k * rabbits – d*rabbits*(rabbits-1)/2.

· Check the formulas in the lowest level.

[image: image38.wmf]      [image: image39.wmf]
This is more realistic behavior – the population levels off over time – in this case at around 60.  What other ways can we incorporate death?

Model 2:  Maximum Sustainable Population
Let’s assume that, rather than fighting over scarce resources as in the two-rabbit interaction model above, the species we are studying has less offspring when resources are scarce, and hence the model should reflect a slowing birth rate as some maximum population is approached.  The difference equation version in this case would be something like:


[image: image40.wmf];


[image: image41.wmf].

What slowing factor would work?  Something that is around 1 when P is small and goes to 0 as the maximum population, M, is approached:


[image: image42.wmf];


[image: image43.wmf].

Modifying the Stella model to reflect this model, with a maximum population(M) set to 100, gives the following model diagram and solution graph:

[image: image44.wmf]        [image: image45.wmf]
Interesting!  This model gives the same rough shape as the two-rabbit interaction model.  This is not a coincidence.  Look at the algebraic simplifications of the right hand sides of the two equations – both are in the form constant times P minus constant times P squared; in effect, the same model.

Once we have a method for producing a graphical or tabular solution, we can ask “what if” questions to test the realism of the model and the sensitivity of the model to changes in the parameters.  Stella provides an excellent environment for this testing, especially through the slider bar feature.  At the interface (top) level we can add a slider bar and attach it to the parameter k in our simple model:

[image: image46.wmf]
Go to the top level by clicking the up-arrow at the upper left of the window; there will be a blank interface page.  Notice that the tools across the top have changed slightly, and now among other things, a slider bar is available.  Pull one down.

To connect the slider bar to the converter containing k, double click on the slider bar and choose k from the list.  Notice that the range of allowable values can be set in this dialog window as well.  Unfortunately, slider bars are not available at the middle work level, so running the model will now take place at the upper level.  Graphs and tables for the output are available at this level as well.  The problems below involve modifying the model and investigating realism and sensitivity.

Conclusions:  We have seen that we can model one species populations by making relatively simple assumptions and obtain solution curves that reflect our notions on what makes sense for a population growth curve.  We have glossed over the problems of parameter estimation (finding values for the birth rate, death rate and maximum population numbers) – these numbers can be difficult to estimate, and require careful data collection.

Population Problems to Try:

[image: image47.png]St
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Adding Harvesting:  

(a)  Modify the “two rabbit interaction” competition model to include the following idea:  Each unit of time, one rabbit is added to the stew pot.  Build the spreadsheet, print the graph and describe what happens, commenting on the maximum sustaining population.

(b)  Using the idea in (a), how many rabbits can be harvested each time step before we drive them to extinction?

(c)  How does the model change if the number of rabbits harvested is proportional to the total number of rabbits present?  Say, we harvest 25% of the rabbits each time step.

Rare Animals:  Suppose there is plenty of land and food, but not very many individuals.  If the population is too small, mating pairs have difficulty finding each other to reproduce; if the population is too large, the birthrate slows as in competition.  Formulate a model for this situation using the following idea for modeling too few individuals:  There is a “threshold” below which the population growth rate is 0, similar to the slowing of the birthrate for the competition model, but negated.  Experiment with your parameters, graph and interpret the results.  

Food Source:  Consider the rabbit model with unlimited growth and add a food source in the following way:  Rabbits each eat the food at a constant rate, and if there are no rabbits the food source (say grass) grows at a constant rate. Experiment with your parameters, graph and interpret the results.

[image: image50.png]St
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Parameter Sensitivity:  Experiment with the values of the parameters in the “maximum sustainable population” competition model.  

(a)  What happens if the initial number of rabbits is higher than M?  The same as M?

(b)  What happens as k is increased and decreased?

Moon Base:  NASA is interested in the population dynamics of a proposed moon base.  Answer the questions below based upon an appropriate model for population growth.  Back up your answers using appropriate graphs.  Assume that the maximum sustainable population on the base is 100,000 people, the on-base birth rate per year is 4/600,000 and the initial population is 30,000.

(a)  How does the population change over the first 15 years of operation?  About when does the population reach 90% of the maximum sustainable?

(b)  NASA plans to send up approximately 500 “immigrants” per year.  How would you model this?  How does this affect the population?  Using your model, about when is 90% of the maximum sustainable population reached now?

Crane Population: A species of sandhill crane indigenous to North America (Grus canadensis) was declared an endangered species in 1916.  These birds do considerable crop damage when their numbers are increased, so hunting permits were allowed starting in 1961.  The primary question of interest is:  How many permits should be sold per year?  We have the following data from R. Miller and D. Botkin based on their population study from 1974:

· maximum sustainable population 
 EMBED "Equation" "Word Object1" \* mergeformat  

 194,600

· current population 
 EMBED "Equation" "Word Object1" \* mergeformat  

 190,000

· population rate 
 EMBED "Equation" "Word Object1" \* mergeformat  

 5.07 

  (for time in years)


We want to build in a model that incorporates these data along with an additional term for the hunting limit (supposing the a constant number are killed each year).  We want to choose this number so that the species doesn’t go extinct.  Find a good hunting license number.

Algae Population: Consider the following assumptions concerning the fraction of the surface of a pond covered by an algae.  Using these assumptions, build a model in Stella.

· When the fraction of the pond covered by the algae is small, the algae increase at a rate proportional to the amount of the pond covered.

· When the fraction of the pond covered by the algae is large, the growth rate decreases.

· Algae must be in contact with the water to survive.

Other Models Where One Quantity is Changing

There are many other situations that can be modeled in the same way as population.  Many take exactly the same form as simple population growth.  Consider money earning interest.  We could let r be the interest rate, and then the Stella model would look like:

[image: image52.wmf]
Where the change over time would be r x Money.  Look familiar?  Change Money to Rabbits and r to k...  Another:  Radioactive decay can be modeled by considering the amount of the radio active isotope present at any time and incorporating a decay rate, r.  Again we have a similar model:

[image: image53.wmf]
The difference here is in the r converter – the value would be negative to fit with the flow design above.  Let’s examine a situation from a different area of science:  Physics.


[image: image54.png]


Heating and Cooling of a Building
To model the heating system in a building, we will use Newton’s Law of Cooling, which can be stated in simple terms:

The rate of change of the temperature inside a body depends on the difference between the outside and inside temperatures.
Let:

T(t) = inside temperature at time t;    M(t) = outside temperature at time t.
Then we can write this law more formally as:


[image: image55.wmf]
Let’s assume that we also know the inside temperature at the starting time, 
[image: image56.wmf], an inside temperature of 68 degrees.  Then we can add artificial heating and cooling by adding another term -- think of immigration from population modeling.

To start, we need to estimate a value for k.  This is a more straightforward parameter estimation problem than finding k in a population model.  We can collect some data on the temperature changes in our building:

When M=60 and T=68, the heat was turned off in the building, and the temperature was observed to drop 6 degrees in 4 hours.

This information can be used to estimate the derivative as 6/4 (assuming that the time is measured in hours).  So:


[image: image57.wmf]
Calculating k based on this information gives k=3/16.  We also need a model for M, the outside temperature.  Notice that the units for k are 1/time.  In fact, 1/k (units are time) is often called the time constant for the heat transfer.

Model 0:  Constant External Temperature

For starters, we’ll assume a constant 72 degrees.

[image: image123.wmf]Temperature(t) = Temperature(t - dt) + (change_over_time) * dt

INIT Temperature = 68

INFLOWS:

change_over_time = k*(M-Temperature)

k = 3/16

M = 72

[image: image58.wmf]
Does this curve make sense?   It starts at 68 degrees and approaches 72 degrees, leveling off.  So what are the limitations of this model?  We haven’t modeled the heating system yet, and the outside temperature is not at all realistic.  Let’s work on the outside temperature first:  

Model 1:  Outside Temperature Fluctuation

The temperature in the summer is better modeled as reaching a high in the 80s during the afternoon and a low in the 50-60 range during the night.  Let’s use this idea, but still generalize it so that the model is simple to develop.  A sine curve has the oscillating behavior we want.  Let’s assume:

The high temperature of 81 degrees occurs at around 2 pm.

The low temperature of 60 degrees occurs at around 2 am.

This gives a shift up of (81+60)/2  = 141/2, a period of 24 hours (the corresponding argument of sine would be 2 Pi/24 t), and an amplitude of (81 – 60)/2 = 21/2:


[image: image59.wmf]
We need to consider when time = 0 occurs.  In order to avoid shifting the sine function horizontally, we will set time = 0 to 8 pm -- half way between the 2 pm high and the 2 am low – exactly where the sine function should intersect the y axis.

Incorporating this more complicated model of outside temperature into our building temperature model gives:


[image: image60.wmf]
[image: image124.wmf]Temperature(t) = Temperature(t - dt) + (change_over_time) * dt

INIT Temperature = 68

INFLOWS:

change_over_time = k*(M-Temperature)

k = 3/16

M = 141/2+21/2*sin(2*Pi/24*time)

Model 2:  A Heat Pump

The change in the inside temperature due to the heating/cooling system is due to an added source of temperature change.  A simple way to incorporate this into our model is to treat it in an additive sense:


[image: image61.wmf]
What should this term look like?  We interact with our furnaces through a thermostat, which we set to a “desired” temperature.  When the temperature in the building deviates from the setting, the furnace/cooling system turns on:


[image: image62.wmf]
where 
[image: image63.wmf] is the thermostat setting.  We need to perform another experiment to determine a value for the new proportionality constant:

When the temperature inside is 68 and the thermostat setting is 72, the temperature in the house raised 2.5 degrees in 15 minutes.

This allows us to calculate the constant using:  
[image: image64.wmf]
which gives a constant of 5/2.  Our new model, incorporating the heating system with thermostat set at 72, is:


[image: image65.wmf]
We could now experiment with this model, looking at various values of the constants – which measure the efficiency of the insulation and the heating system (why??).  We could improve the thermostat setting model, or investigate the contribution of people and appliances to the heat in a building.

More Problems from More Areas:

[image: image66.png]St
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Heating and Cooling Models:  Implement Heating and Cooling Models 1 and 2 in Stella.  Do the graphs of the solutions make sense given what we were attempting to model?  Explain.

Parameters in Newton’s Law of Cooling (1): Experiment with the parameters in Models 1 and 2.  What effect does changing k have on the graph?  What happens if we start at an internal temperature higher than the external temperature?  What effect does changing 
[image: image68.wmf] have on the graph?  Do these changes produce expected results?  Explain.
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Parameters in Newton’s Law of Cooling (2): Answer the questions below based upon modifying the appropriate model.  Back up all your answers with appropriate graphs.  Assume that the initial temperature inside is 68° and the temperature outside is modeled by the sine function as above.

(a)Experiment with adding insulation:  How small does k have to be for the internal temperature to stay below 72°, assuming no heating inside from equipment or people?

(b)  Using the original k value, add to Model 3 heat due to people at a party, assuming that people come at once at 8 p.m. and leave all at once at 2 a.m.

(c)  Using the original k value, add to Model 3 heat due to people at a party: 

People start arriving at 8 p.m. and come steadily until about 9:30, then they start leaving at about midnight and leave steadily until the last one stumbles out the door at 2 am.  Assume that a full house of people adds about 10° per hour.

What does the temperature inside look like?  How much must the thermostat be turned down to maintain a temperature below 72°?
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Spread of Gossip: The town of Slanderville (population 5000) is well-known for the speed at which a rumor can spread amongst the inhabitants.  A sociological research project found that when a person hears a rumor he/she will tell it to everyone for a period of T days.  On a certain Saturday, a bus returned to Slanderville with 50 passengers aboard.  On the way home they saw the high school principal leaving the adult book store, and they could not wait to tell everybody about it.  Construct a model that describes the spread of news in Slanderville.  When does your model predict that 95% of the entire town will have heard the rumor?

Spread of Infection:  Consider an island with a population of size N and suppose that some small number of people leave the island and come back, bringing with them an infectious disease.  If we want to predict the number of persons at any time who have the disease, we might assume that the number of persons with the disease should be proportional to the number who have the disease and proportional to the number who have yet to get the disease.  

(a)  Build and experiment with such a model.  What are the units for all of the variables and parameters?  Choose some values for the initial number infected and the proportionality constant (what is a reasonable interpretation for this constant?), and experiment with increasing and decreasing these two parameters.  Also look at the time step.  Explain what happens as these parameters are varied and whether the results make logical sense.

(b)  Here is a data set taken from a (mythical) island of 5000 inhabitants.  Do the data support this model, i.e., can you find parameters that make the model come close)?

	t (days)
	2
	6
	10

	X(people infected)
	1887
	4087
	4853
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Compound Interest:  Formulate a model for how interest accumulates on a lump sum deposit.  Change the model to incorporate an annuity (i.e., regular payments made into the account instead of one lump sum).  Vary the principle, interest rate and term parameters, and report your results.
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Radioactive Decay: The rate at which a radioactive isotope decays is proportional to the amount of the isotope present.  Model this in Stella.  To determine the constant of proportionality, consider the following:  The half-life of a radio active isotope is the amount of time it takes for half of a given quantity to decay away.  Experiment with your model using the half-lives:

	Isotope
	Half Life

	Carbon – 14
	5230 years

	Iodine – 131
	8 days
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Memorization: Consider the following model for memorization of a list of words:  The rate of learning is proportional to the fraction of the list left to learn.  Model this assuming that the dependent variable is the fraction of the list learned L(t).

[image: image81.png]St





 EMBED PBrush  [image: image82.png]




 EMBED PBrush  [image: image83.png]


Tank Mixture: Consider a large tank in which a saline solution is being mixed.  Suppose that the tank contains 50 liters of liquid, and the amount flowing in is the same as the amount flowing out.  There are two pipes flowing into the tank:  10% saline solution flows in at a rate of 1 liter per hour  and 25% saline flows in at a rate of 2 liters per hour.  the solution drains out at a rate of 3 liters per hour.  Model this mixing problem in Stella.  
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 Cholesterol: A simple model of blood cholesterol levels can be obtained using an analogy to Newton’s Law of Cooling:  When foods containing cholesterol are avoided, the rate at which cholesterol enters or leaves the blood is proportional to the difference between the amount present and a person’s natural cholesterol level.  Model this assuming the amount of cholesterol in the blood at time t is represented by C(t).  Suppose the rate at which cholesterol is added to the blood is proportional to the parameter E, the daily rate at which food is eaten; incorporate this quantity into the model.  Give descriptions of what the two proportionality constants represent in this system.  
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Drug Dosages:  How can doses and time between doses be chosen to maintain a safe but effective concentration of the drug in the blood stream?

(a)  A one time dose:  We might assume that the drug is used and/or filtered by the kidneys at a constant rate.  So we have an initial concentration when the drug is administered, and then the change in concentration of the drug over time is constant.  What would a model of this look like? What is the dependent variable?  What parameters would you need to know to work with this model?  What are kinds of units would be needed for each of the parameters and variables in the model?

(b)  Clinical studies have shown that a more realistic model is to assume that the rate at which the concentration of the drug is changing at any given time is proportional to the concentration of the drug at that time (the constant of proportionality can be thought of as the "elimination rate" for the drug.)  What would this model look like? What is the dependent variable?  What parameters would you need to know to work with this model?  What are kinds of units would be needed for each of the parameters and variables in the model?  

(c)  Working with the model in (b), build a model given a dosage yielding an initial concentration of 0.1 milligrams per milliliter, and a drug elimination rate of 0.02/hour.  How long does it take for the concentration of the drug to be essentially 0?  Suppose the minimum effective dosage is 0.03 mg/ml.  When will this "threshold" be reached?

(d)  Repeated doses:  Modify the model in part (b) to look at repeatedly dosing a patient with the same amount at regular time intervals.  Describe how you might modify your spreadsheet to building regular doses of, say, every three hours.  

(e)  Incorporate the repeated dosage idea into the model you built in (c).  If the maximum safe concentration is 0.15 mg/ml and we repeat the dosage of 0.1 mg/ml every three hours, when do we go over maximum safe concentration?

(f)  If the maximum safe concentration is 0.15 mg/ml and the minimum effective dosage is 0.03 mg/ml, what is a good time interval between doses given a dose yielding a 0.1 mg / ml concentration for a drug with a 0.04/hour elimination rate?
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 Population Thresholds:  In the model of competition in a population given by


[image: image92.wmf]
we want to add a factor that would model the incorporation of a threshold for survival, i.e., a lower limit (N) on the population under which the species being modeled could not survive.  Use an idea similar to the term inserted to lower the birth rate as the population increases to insert a term that lowers the birth rate as the population gets to small.

(a) If the upper limit (M) is 1000, the lower limit (N) is 200, and the growth rate of the population is 0.2, graph the solution using several different initial populations (include some above 1000 and below 200).  Describe what happens as you change the initial population.

(b)  Points (P-values) for which 
[image: image93.wmf] is zero are called equilibrium points.  Find them for this model.  An equilibrium point is called stable if when we move the value for P slightly, the solution reverts back to the equilibrium at t gets large.  An equilibrium point is called unstable if when we move the value of P slightly, the solution doesn't go back to the equilibrium.  Look at the three equilibria in the threshold model.  Are they stable or unstable?
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 Gravity: Model the physical system of an object falling under the influence of gravity assuming air resistance is negligible.   To think about this, consider the change in position over time as the velocity and the change in velocity over time as acceleration.  This gives a system of two equations:

[image: image125.wmf]

[image: image96.wmf]
(a)  Build this model in Stella.  

(b)  Add air resistance to this model.  Experiment to see what the difference is in assuming that air resistance is proportional to velocity and assuming that air resistance is proportional to the square of velocity.
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Systems Models --  Interacting Species

Now we want to look at two species that interact: x is the prey and y is the predator. Now we have two equations instead of one, each with increase rate and decrease rate terms.


[image: image98.wmf]
So how should we model these four terms? Here are some ideas -- in historical order.

Original Lotka-Volterra Model: (Volterra 1927)


[image: image99.wmf]
Volterra set the prey (x) increase to simple Malthusean and had the predator (y) affect the prey through the death term. He set the birth term of the predator proportional to both the predators present and the prey present, since predators would have a hard time reproducing without food.  Notice the four parameters:  
[image: image100.wmf], 
[image: image101.wmf], 
[image: image102.wmf], and 
[image: image103.wmf].  These can be interpreted as the population birth rates and death rates for each of the species.

Suppose the predator species is wolves and the prey species is rabbits, and let us start with 10 rabbits, 4 wolves, rabbit birth and death rates of 0.7 and 0.3, and wolf birth and death rates of 0.08 and 0.44.  Using Stella, we get:

[image: image126.wmf]
Rabbits(t) = Rabbits(t - dt) + (rabbit_births - rabbit_deaths) * dt

INIT Rabbits = 10

INFLOWS:

rabbit_births = Rabbits*r_birthrate

OUTFLOWS:

rabbit_deaths = r_deathrate*Wolves*Rabbits

Wolves(t) = Wolves(t - dt) + (wolf_births - wolf_deaths) * dt

INIT Wolves = 4

[image: image127.wmf]INFLOWS:

wolf_births = w_birthrate*Rabbits*Wolves

OUTFLOWS:

wolf_deaths = w_deathrate*Wolves

r_birthrate = .7

r_deathrate = .3

w_birthrate = .08

w_deathrate = .44

Notice that the populations cycle, with the predator peaking right after the prey.

Competition in the Prey (1930s):
The primary objection to the LV Model was that the prey (x) would increase without bound if the predators died out. What if competition among the prey is also incorporated, using a maximum sustainable prey population (M)? 


[image: image104.wmf]
Here is the Stella graph with the maximum population set to 12.

[image: image105.wmf]
Notice that the populations cycle, with the predator peaking right after the prey, but the cycles die off, approaching a stable population.

Leslie (1950s):

Leslie wanted to add more realism into the model.  He had two main objections:

· There is no upper limit to the relative rate of increase of predator 

· Predator should do worse as the predator to prey ratio increases

Leslie fixed these by changing the death term for the predator to have both the number of predators and the ratio of predators to prey.


[image: image106.wmf]
Again, the populations cycle, with the predator peaking right after the prey, but the cycles die off even more quickly, approaching a stable population.  try it!

May (1960s): 

May liked both the Leslie model and the competition model and combined them, but also noted the following:  The prey death term implies that for a given y, the number of prey eaten is proportional to the number of prey present. This implies that predators are never not hungry. He fixed this by adding a piece to the prey death that would control this term.


[image: image107.wmf]
Interacting Systems Problems:  
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 Leslie and May Population Models:  Finish the development of Leslie's and May's models by implementing them in Stella, using the same parameter values as in the other models.  Explain why in May's model the prey death term now allows for wolves to become satiated by looking at the limit of this term as x gets very large, but y stays fixed.  Comment on the similarities and differences in behavior between May and the other models.
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 Rabbits-Wolves-Grass:  Add grass to your predator-prey model.  Think about how the rabbits would eat the grass and how the grass would grow back.

Predator-Prey Parameter Experimentation: For each of the models above, experiment with changing each of the parameters and record your observations.  Write if summary of your findings from these experiments, and comment on whether your observations make sense given what you expected.  Do all of the parameters seem to govern the same qualitative behavior regardless of the particular model?

Phase Plane Graphs:  Another graph that can be examined in the case where there are two independent variables x and y is the phase plane which is the scatterplot of x versus y.  Generate these graphs, and look at what information is conveyed by them.
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Two Species Competition: In the situation where we have two species who compete for the same resources (rather than one being the food source for the other), we can build a two equation model in a similar fashion.  The birth terms do not involve interaction between the species (i.e., only x is present in the birth term for the x equation), but the death terms for each involve both species.  Build a model that reflects this situation.  What are the parameters?  What units are involved in each term?  Model this in Stella.  What happens to the populations?  Experiment with parameter values and report your findings.  Beware:  This model will exhibit very strange behavior!
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 Cooperation: In the situation where we have two species whose survival depends on their mutual cooperation, we can build a two equation model in a similar fashion.  The death terms would not involve interaction (i.e., only x is present in the death term for the x equation), but the birth terms for each involve both species. Build a model that reflects this situation.  What are the parameters?  What units are involved in each term?  Model this in Stella.  What happens to the populations?  Experiment with parameter values and report your findings.
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Military Battles: In a battle, we can model the actions (and subsequent army strengths) in the same way as we did for predator-prey interaction, except that the "birth terms" -- which are now better called "reinforcement terms" -- would not involve any interaction, and the "death terms" -- which might still be called death terms -- are really only dependent on the strength of the opposing army. Build a model that reflects this situation.  What are the parameters?  What units are involved in each term?  

(a)  Model this in Stella.  What happens to the armies?  Experiment with parameter values and report your findings.

(b) Army X is about to attack army Y.  Army Y has 1000 troops and army X has 3000 troops, but army Y has superior weaponry and training, making each Y soldier 1.65 more effective than an X soldier.  This can be interpreted as the time it takes an X to kill a Y being 1.65 times longer.  Model this situation and comment on who "wins."
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 Modeling the Economy: Here is an idea for a simple model for an economy in which all means of production are socially owned.  Consider the following assumptions (originally proposed by G. A. Feldman):

· The economy is divided into two sectors, Producer goods (where goods which will be used or invested in both sectors are produced), and Consumer goods (where goods which will be consumed by the population are produced).

· The annual rate of output from each sector is proportional to the amount invested in that sector.  The constants of proportionality can be assumed to be the same for each sector –  the reciprocal of this constant is called the marginal capital coefficient.

· The output from the producer sector is split in some proportion and invested in both the producer and the consumer sectors.  The output from the consumer sector is consumed (i.e., not invested).

Develop a model and provide an analysis of and explanation for all parameters used. What are relative rates of growth of the sectors and the national income tending toward over time?  (relative rate of growth can be thought of as rate of change relative to current size)
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 Epidemics: Another common situation which can be modeled using a system of equations is a general model for a rapidly spreading epidemic, in which persons who get the disease die from it (e.g., the ebola virus).  We need a model that incorporates the following assumptions:

· Healthy people get sick at a rate proportional to both the number of healthy people and the number of sick people.

· Sick people die at a constant rate.

(a)  Develop such a model and provide an analysis of and explanation for all parameters.  

(b)  What if the disease allows for people to recover and then be immune (for example, measles)?  Then we would need to consider three populations:  Susceptible, Infected, and Recovered (SIR).  Model this situation thinking in the following way:   The number of susceptible people is declining at a rate proportional to the number of infected people, the number of infected people is growing at a rate proportional to the number of times infected people come in contact with susceptible people with people who are recovering being subtracted out of the infected pool, and the number of recovered people is growing at a rate proportional to the number of infected people. Develop such a model and provide an analysis of and explanation for all parameters used.
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 Two Tank Blending:  Two large tanks, each holding 10 liters of a saltwater solution are interconnected by pipes.  Fresh water flows into tank 1 at a rate of 5 liters per minute, and fluid is drained out of tank B at the same rate.  The tanks have two pipes connecting them which allow for exchange of fluid at the following rates:  from A to B at 7 liters per minute and from B to A at 3 liters per minute.  If the solution in tank A contains 40 grams of salt, and the solution in tank B contains 80 grams of salt, model the changes in the concentrations in the tanks over time.  Experiment with your model by varying the parameters and recording your results.

29. [image: image117.png]St



Two Zone Heating: A house consists of two heating zones:  The main living area (zone A) and the bedroom wing (zone B).  The living area is heated by a furnace, but the bedroom wing gets all of its heat through transfer through the walls.  Suppose the time constant (1/k) for the heat transfer between zone A and zone B is 2 hr and the time constant for heat transfer to the outside is 5 hr.  If the outside temperature is 0°, how cold can it get in the bedroom wing?
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Great Lakes Pollution: Model the flow of pollution in the Great Lakes given the following information:

	Lake
	Volume
	Water in
	Water out

	Superior
	2900 mi^3
	15
	15 (to Huron)

	Michigan
	1180 mi^3
	38
	38 (to Huron)

	Huron
	850 mi^3
	15+38+15
	68 (to Erie)

	Erie
	116 mi^3
	68+17
	85 (to Ontario)

	Ontario
	393 mi^3
	85+14
	99



Flow rates are given in mi3/year.  Assume that there is no "back flow" between the lakes.  


(a)  Assume the lakes are currently clean, and experiment with placing a source of pollution on the banks of Superior.  If the pollution sources dump at a constant rate, how long will it take for all of the lakes to be heavily polluted?


(b)  Assume the lakes are currently polluted, and determine how long it would take for the pollution level to be reduced by 50% if only clean water is flowing into the lakes from the streams and rivers.  How long would it take for the pollution to be reduced to 5% of its original level?
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Competing Companies: A simple model of competing companies can be obtained from the following assumptions:  

· Let x(t) and y(t) represent the quarterly profits for each company at time t.  

· The change in the quarterly profit for each can be broken into the rate at which money flows in and the rate at which money flows out.

· For each company, the rate at which money flows in is proportional to its current profits, and the rate at which money flows out is proportional to its competitor’s profit.

Build a model using these assumptions, and experiment with the parameters.  Look at relative sizes of the parameters, and comment on the behavior of the model.  

Sources for Problem Ideas

Blanchard, Devany, Hall, Differential Equations, Brooks/Cole, 1998.

Edwards, Hamson, Guide to Mathematical Modelling, CRC Press, 1990.

Fisher, Diana, Lessons in High School Mathematics, A Dynamical Approach, High Performance Systems, 2002.

Giordano, Weir, Fox,  A First Course in Mathematical Modeling, 2nd Edition, Brooks/Cole, 1997.

Nagle, Saff, Snyder, Fundamentals of Differential Equations and Boundary Value Problems, 3rd Edition, Addison Wesley Longman, 2000.

UMAP Modules, Tools for Teaching (supplement to UMAP Journal), COMAP, 1995-2000.







� The equation � EMBED Equation.3  ��� can be separated to form:  � EMBED Equation.3  ���.  Integrating both sides gives:  � EMBED Equation.3  ���.  Solving this for P by exponentiating both sides gives:  


� EMBED Equation.3  ���.


Notice that using the usual convention, the e to a constant power (hence a constant) was renamed as A.





� This counting principle can also be obtained from the more general situation of choosing 2 objects from P objects and using the combinatorial formula:


� EMBED Equation.3  ���


� Notice that the flow now has a shaded arrow at the end opposite the rabbit stock.  This was done to allow for the possibility for rabbits to die, i.e., we changed the flow to be a biflow by double clicking on the flow icon and toggling the flow control in the upper left corner:


�
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